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Abstract. The mobility of a Kahler metric is the dimension of the space of metrics with 
which it is c-projectively equivalent. The mobility is at least two if and only if the Kahler 
metric admits a nontrivial hamiltonian 2-form. After summarizing this relationship, we 
present necessary conditions for a Kahler metric to have mobility at least three: its 
curvature must have nontrivial nullity at every point. Using the local classification of 
Kahler metrics with hamiltonian 2-forms, we describe explicitly the Kahler metrics with 
mobility at least three and hence show that the nullity condition on the curvature is 
also sufficient, up to some degenerate exceptions. In an Appendix, we explain how the 
classification may be related, generically, to the holonomy of a complex cone metric. 


Introduction 

This article weaves together two threads in Kahler geometry which have been running 
in parallel for 40-60 years with remarkably little interaction, given their common themes. 

The first thread concerns a notion of projective equivalence between Kahler metrics. 
The classical notion is too strong when applied to Kahler metrics: if two metrics that are 
hermitian with respect to the same almost complex structure have the same geodesics, 
they have the same Levi-Civita connection. In 1954, Otsuki and Tashiro [27] introduced 
a complex, but non-holomorphic, version of projective equivalence, which acquired the 
unfortunate name of “holomorphically projective” or “h-projective” equivalence in the 
literature. We prefer the term “c-projective”, which is intended to suggest “complex 
projective”, without implying that the geometry is holomorphic. 

Definition 1. Let (M, J ) be a complex manifold of real dimension 2 m > 4. Then two 
J-hermitian Kahler metrics g,g on M, with Levi-Civita connections V, V, are called c- 
projectively equivalent if there is a 1-form 4> such that 

(1) V X Y - V X E = 4>(X)Y + $(Y)X - $(JX) JY - $(JY) JX 

for all vector fields A", Y. 

This notion has been extensively studied by Russian and Japanese schools (see [25] for 
a list of references up to 1998). One common theme has been the relationship between 
special curvature properties of a Kahler metric and the existence of metrics c-projectively 
equivalent to it (e.g. [16]). 

The second thread concerns the explicit construction of “optimal” Kahler metrics on 
complex manifolds, generalizing the constant curvature metrics used in the uniformization 
of Riemann surfaces. The idea to seek such metrics goes back to Calabi’s famous con¬ 
jectures in the 1950s (e.g., [8]), but the problem was attacked primarily using analytical 
methods until the late 1970s. Then Calabi provided fresh impetus by introducing the 
notion of an extremal Kahler metric and constructing explicit examples on total spaces 
of complex projective line bundles [9, 10]. Calabi’s construction has been refined and ex¬ 
tended considerably by many authors (see e.g., [1, 20]), providing a rich supply of Kahler 
metrics with special curvature properties (such as extremal Kahler metrics). These gener¬ 
alizations have in common that they introduce first order structure to simplify the second 
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(and higher) order partial differential equations that describe curvature. A single source 
for this structure was identified in [2], where it was observed that Calabi’s construction 
and its generalizations reflect the presence of a nontrivial solution to an overdetermined 
linear differential equation, called a hamiltonian 2-form. 

Definition 2. Let (M, g, J,oj) be a Kahler manifold of real dimension 2 m > 4. Then a 
(real) J-invariant 2-form (f> on M is hamiltonian if 

(2) Vx</> = ^ (d tr u </> A JX b - Jd tr u (j) A X b ) 

for all vector fields X , where = g(X, •), JX b = — X^ o J = (JX)^, and tr u (j) = g(u, 4>) 
is the trace of <fi with respect to the Kahler form u. 

Kahler manifolds with hamiltonian 2-forms are classified locally in [2] and globally in [3], 
with applications to extremal Kahler metrics in [4]. 

The origins of the present article are somewhat serendipitous. In April 2011, the first 
author was asked to referee the article [21] by the second and third authors, which proves 
that the only compact c-projective manifold with a one parameter subgroup of “essential” 
symmetries is complex projective space. This drew the first author’s attention to the “main 
equation” of c-projective equivalence (equation (4) below), which is manifestly equivalent 
to the equation for hamiltonian 2-forms (see Remark 1). 

As noted in the published version of [21], this equivalence has two main ramifications. 
First, the organizing principle observed in [2] to underpin explicit constructions of Kahler 
metrics coincides with the notion of a c-projectively equivalent metric, a topic studied 
independently for many years previously. Secondly, the classification results in [2, 3] solve 
open problems in the theory of c-projective equivalence, as well as providing new examples. 

Our interest here is in a third ramification: although the methodologies employed in 
the theories of c-projective equivalence and hamiltonian 2-forms have a large overlap (e.g., 
as both depend upon the theory of overdetermined PDEs of finite type), they have quite 
different flavours which might be combined with profit to prove new results. This article 
is a first attempt to exploit both theories in this way. 

We focus on the mobility D(g, J ) of a Kahler metric g on (M, J), which is the dimension 
of the space Sol(g } J ) of solutions of equation (4)—or equivalently equation (2). Since the 
identity map Id (corresponding to the Kahler form oo) is always a solution, D(g, J) > 1, 
and the presence of an independent solution (or a nontrivial hamiltonian 2-form) means 
equivalently that D(g, J ) > 2. 

Our plan is to study the case D(g, J ) > 3, using [14, Theorem 5], quoted as Theorem 1 
below, which states that any such Kahler metric g is Cv{D) (for some B G M) in the 
sense of Definition 4 (unless all solutions of (4) are parallel). The converse is not true: 
it is straightforward to construct Gc(B) metrics with mobility 2 (e.g., using the cone 
construction described in the appendix—see §A.4). In Theorems 2 and 3 we establish 
necessary and sufficient conditions for a Kahler metric to be Cc(B), and then, in Theorem 
6, describe the additional conditions such that a Cc(B) metric g has mobility D(g, J) > 3. 

Whereas Theorem 2 draws upon curvature conditions from the theory of c-projective 
equivalence, Theorem 3 uses hamiltonian 2-form methods. It follows, in Corollary 2, that 
an extremal Kahler metric with mobility > 3 must have constant scalar curvature. 

Our results are closely related to the cone construction of [22], cf. [5, 25], discussed in 
Appendix A. More precisely, for Cc(B) metrics with B < 0 (and we may assume B — —1 
by rescaling), this construction gives an explicit isomorphism between Sol(g,J ) and the 
space of parallel hermitian endomorphisms on a complex cone ( M,g,J) over ( M,g,J ), 
which we summarize in §A.l. The cone is a Kahler manifold of dimension dime M + 1 
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and ( M,g , J) may be recovered from it by taking a Kahler quotient. It is known, at least 
since Eisenhart [12], that the existence of a parallel hermitian endomorphism A on M is 
(locally) equivalent to a decomposition of M into a direct product of Kahler manifolds. 

In §A.2, we derive a formula for the Kahler quotient metric g in terms of radial and 
angular coordinates on M coming from the decomposition of M induced by A. In §A.3, 
we (partially) rederive the local classification formula (9) for g relative to A e Sol(g, J) 
corresponding to A ; this yields another proof of (one direction of) Theorem 3 by a direct 
calculation—see Proposition 2. In §A.4 we use the cone construction to give an alternative 
proof of Theorem 6 for a Gc(—1) metric. 


1. C-PROJECTIVE EQUIVALENCE AND HAMILTONIAN 2-FORMS 


1.1. C-projective equivalence and Cq(B) metrics. Let (M, J ) be a complex man¬ 
ifold of real dimension 2 m > 4. For J-hermitian metrics g,g on M, we introduce the 
nondegenerate (g, J)-hermitian (i.e., (/-symmetric, J-complex-linear) endomorphism 


( 3 ) 


A(g,g) 


f detg\ 
\ det g J 


i 

2(m+l) _ 

9 9 , 


where we view g,g: TM —>• T*M as bundle isomorphisms. A fundamental observation by 
Domashev and Mikes [24] is that g and g are c-projectively equivalent if and only if there 
is a vector held A such that A = A(g,g) satisfies the “main equation” 

(4) V.yA = X b <g> A + A b <g> X + JX b <g> JA + JA b <g> JX. 


Conversely, a nondegenerate solution A of (4) determines a Kahler metric 
(5) g= (det A^-gA^ 1 

(obtained by solving (3) with respect to g) c-projectively equivalent to g. Since Id is 
always a solution of (4), we can add a multiple of Id to any solution A to obtain (at least 
locally) a solution which is nondegenerate. In this sense, the solutions A of (4) are (locally, 
generically) in Injection with Kahler metrics g that are c-projectively equivalent to g. 


Definition 3. The space of hermitian endomorphisms A satisfying (4) will be denoted by 
Sol(g, J). The mobility 1 D(g, J ) of ( M,g , J) is the dimension of Sol(g , J). 

Remark 1. Obviously, two metrics g,g are affinely equivalent (V = V) if and only if the 
endomorphism A = A(g,g) is parallel. By (4), if the metrics are c-projectively equivalent, 
they are affinely equivalent if and only if the vector field A is identically zero. 

Taking the trace on both sides of equation (4), shows that 

1 

(6) A = - grad g tr A, 

hence (4) is a linear PDE system on A, which is equivalent to equation (2) for a hamiltonian 
2-form (j) by writing g(AX, Y ) = 4>(X, JY). 

In [2, 21], the nonconstant eigenvalues °f A, considered as functions on M, 

are shown to be continuous, and smooth on a dense open subset M°. Moreover, their 
(complex) multiplicity on this subset is one. Thus we can express A on M° as 

( 7 ) A = -J2 g™d g tr 

i= 1 


1 


In the classical c-projective literature, this is known as the “degree of mobility”. 
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For each nonconstant eigenvalue of A, grad g £* lies in the corresponding eigenspace (see 
[2, 21]). Hence the vanishing of A is equivalent to all eigenvalues of the endomorphism A 
(considered as functions on the manifold) being constant. 

An important standard result in c-projective geometry is the fact that JA is Killing. 

Lemma 1. Let ( M,g, J) be a Kahler manifold of real dimension 2m > 4. Then for any 
A G Sol(g, J), the corresponding vector field A is holomorphic, and J A is a Killing vector 
field—equivalently VA is (g, J) -hermitian. 

Proof. This is well known: see [24, Eq. (13)], [2, Proposition 3] and [14, Corollary 3]. □ 

As the introduction explains, our study builds on the following theorem. 

Theorem 1. [14] Let ( M,g , J ) be a connected Kahler manifold of real dimension 2m > 4 
and mobility D(g, J ) > 3. Then there is a unique B G M such that for every A G Sol(g, J), 
with corresponding vector field A, there is a function p such that the system 

V X A = X b ®A + A b ®X+ JX b ®JA+ JA b ® JX, 

(8) VA = /aid + BA, 

V/i = 2£?A b 

holds at every point of M. 

Remark 2. If for A G Sol(g, J), A ^ const • Id, with corresponding vector held A, there 
exists a function /i such that (A, A, /a) solves (8) for a certain constant B, then this holds 
for any other element A G Sol(g, J). This is clear if A is a linear combination of Id and A 
and follows from Theorem 1 if Id, A, A are linearly independent. 

Definition 4. Let B be a real number. A Kahler metric (g, J ) is called 2 Cc(B) if it admits 
a solution (A, A, //) to the system (8) with A not identically zero. 

Remark 3. In Definition 4 we require B to be a constant. If B is initially assumed to be 
a function, it turns out that this function must be (locally) constant provided there exists 
at almost every point a nonzero vector contained in the H-nullity of the curvature, see 
Definition 5 and Theorem 2 below. 

Remark 4. Neither equation (2) nor equation (4) provide the most natural formulation of 
c-projective equivalence and mobility because they treat the metrics g and g asymmetri¬ 
cally. This can be remedied by observing that the defining equation (1) for c-projective 
equivalence is really an equivalence relation between complex affine connections (connec¬ 
tions V on TM with VJ = 0). A c-projective structure on a complex manifold (M, J ) is 
a c-projective equivalence class of such complex affine connections. Equation (4) can be 
rewritten without reference to a background metric g replacing A with the metric h on 
T*M defined by h(ct,/3) = g(ao A, (3). Then equation (4) becomes 

V x h = X <g> A + A <g> X + JX <g> JA+ JA® JX 

(for all vector fields A") and this equation for h depends only on the c-projective class of 
V provided that h is viewed as a section of C* ® S 2 TM, where £®( m+1 ) = A 2m TM. 

This viewpoint is developed in detail in the forthcoming survey [11] on c-projective 
geometry—see also [29]. For the present article, we shall always have in mind a background 
metric, and so we do not pursue this reformulation any further. 

2 Here “Cc” suggests constant/curvature/cone and complex/c-projective, and replaces the term 
“K n (B)”, often used in the classical c-projective literature, in which K n denotes a Kahler n-manifold. 
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1.2. The classification of hamiltonian 2-forms. According to [2], a Kahler metric 
(g,J, to) admitting a hamiltonian 2 -form—or equivalently an A e Sol(g,J )—is locally a 
bundle over a product of Kahler 2m n -manifolds indexed by the constant eigenvalues rj of 
A (m ri being the multiplicity of r/), whose “orthotoric” fibres are totally geodesic with the 
nonconstant eigenvalues £ 1; ... & of A as coordinates. On a dense open set, we may write 


(9) 


9 = (9)9, + J2 d t 2 + Y. Cr-liijWr) , 

77 i=l j = 1 i r= 1 

base metric fibre metric 


d 0 r = ]T(- 1 )V - r co v , 


(10) u = ^X Pnc(v)^ri + X] da r A 0 r , with 

77 r=l 77 

where p QC (t) = nl=i(^ — 6), 0V is the Oh elementary symmetric function of {£ 1 ,.. 
<r r _i(^) is the (r — l)st such function of {£*, : k ^ j}, A j = — 6c)> and 




(n) 

r _l 

For any metric of this form, 


J ^ ( - ir ge^ rd6 ' 


: = X! VPnc(v)Wv + X V' (/ V A (E Vr-1 

77 j=l r= 1 

t 

= X VPnc(v)u v + X(^^ _ d(T r+l) A 6> r 


r=l 


is a hamiltonian 2-form. The extension of this local classification to pseudo-riemannian 
metrics is subject of the forthcoming paper [ 6 ]. 

Curvature properties of the metric g in (9) are also computed in [ 2 ], to which we refer 
for details and explanations. Let p c (t) = Hy — v) mv be the (monic) polynomial whose 
roots are the constant eigenvalues 77 of 0, counted with multiplicity. 

(1) g is Bochner-flat if and only if the functions Qj(t) are equal, given by a polynomial 
0 (f) of degree < i + 2 , with 0 ( 77 ) = 0 for all constant eigenvalues 77, and the 
base metrics g v have constant holomorphic sectional curvature (CHSC), given by 

The metric g is itself CHSC if and only if in addition deg 0(1) < £ + 1. 

(2) g is weakly Bochner-flat if and only if the functions (p c <dj)'(t)/p c (t) are equal, given 
by a polynomial T(f) of degree < £+1, and the base metrics g v are Kahler-Einstein, 
with A-Scal gri = —T(?/). The metric g is itself Kahler-Einstein if and only if in 
addition deg T (t) < £. 

In particular (applying (1) hbrewise, using the case that there are no constant eigen¬ 
values), the orthotoric fibres have CHSC if and only if the functions Qj(t) are equal to a 
common polynomial of degree < t + 1 . 

It will also be useful to recall from [2] that there is a “Gray-O’Neiir 7 formula [15, 26] 
for the Levi-Civita connection of g in terms of the fibre and base metrics, where the 
Gray-0’Neill tensor of the horizontal distribution is given by 

l 

(12) 2 C(X, Y) = X (ftrpf, Y ) JA r - (JX, Y)A r ) 

r= 1 


for Q r = l) r V e and A r = grad g a r . 
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2. Curvature nullity and the extended system 
L et R £ 0 2 (Af,g[(TM)) denote the curvature of the Kahler manifold ( M,g , J), 

R(x, Y)Z = (VyVy - Vy V v - y [X ,Y])Z r 

and let 

(13) K(X, Y) = \(Y b ® X - A b <g> 1" + JY b <g> JX - JX b ® JF + 2#(X, JY)J) 

be the algebraic curvature tensor of constant holomorphic sectional curvature. 

Lemma 2. Let ( M,g,J ) be a Kahler manifold of real dimension 2m > 4. Then every 
A £ Sol(g, J ) satisfies the identity 

(14) [R(X, Y), A] = —4[AT(A, Y), VA] 
at every point for all tangent vectors X, Y. 

Proof. Equation (14) is well known in the theory of c-projectively equivalent metrics, see 
for example [24, 25]. To prove it, consider the identity 

(15) [R(X, Y),A] — Vx(VA)y - Vy(VA) x 

which holds for any endomorphism A £ T(qI(TM)). Assuming that A £ Sol(g , J), we can 
replace the covariant derivatives of A in (15) with (4), to derive an integrability condition 
for (4). A straightforward calculation yields the desired equation (14). We note that we 
have to use that VA commutes with J, see Lemma 1. □ 

Definition 5. For p £ M and Bel, the 5-nullity space of the curvature R at p is the 
linear space 

(16) N(B) P = {Z £ T p M : Af p (X, Y)Z = 0 VA, Y £ T P M }, 
where Af p (X, Y) = R( A, Y) + 4BK{X, Y). 

Remark 5. Since g(J\f p (-, •)•, •) is a section of S 2 (A 2 T*M), N(B) P is the set of Z £ T P M 
whose contraction into any entry of c/(As(-, •)•, •) is zero. Note also that N(B) P is J- 
invariant, i.e., a complex linear subspace of T P M. 

Remark 6. The real number B in the definition of the nullity is unique: if Z £ N(B) p and 
Z' £ N(B') P are nonzero vectors, then B = B' . To see this, we replace A by Z' in the 
nullity condition for Z, and apply the nullity condition for Z' to obtain (B-B')K(Z, Z') = 
0. Hence, B = B' or K(Z, Z') = 0. The last equation implies Z' is a multiple of Z . Thus 
(5 — B')K( A, Y)Z = 0 for all vectors A, Y, which, for Z nonzero, forces B = B'. 
However, B may depend on the point p, and (of course) the metric g. 

Proposition 1. Let ( M,g,J ) be a Kahler manifold of real dimension 2m > 4, and let 
A £ Sol(g , J ) with corresponding vector field A. Then for any functions B, p, we have 

(IT) [K( A, Y), VA - BA - pld ] + \[N B {X, Y), A] = 0 

and, if B and p are smooth, 

(18) V X (VA -BA- pld) + JJ\f B (A, JA) + (V x p - 2 Bg(A, X ))Id + dB(X)A = 0. 

Proof. Equation (17) is immediate from Lemma 2(14). Recall from Lemma 1 that JA is 
a Killing vector held, and hence V^VA = — JVyV./A = —JR( A, JA) (by the standard 
formula X X YK = R(X,K ), X £ TM, which holds for any Killing vector held K, see 
[18]). Equation (18) follows from this by expanding V x (XA — BA — pld) and substituting 
for X x A from equation (4). □ 
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Lemma 3. Let Q be a hermitian endomorphism and Z a nonzero tangent vector atp&M 
such that [K(X, Z),Q\ =0 for all X £ T P M. Then Q is a multiple of the identity. 

Proof. We may assume Q is tracefree and prove it vanishes. By definition (13) of K , 

(19) [0 b 0 X - X b ®Z + JZ b ® JX - JX b 0 JZ, Q] = 0. 

Let ei,.. .ei m be an orthonormal frame of T P M. We take a trace by applying (19) to e* 
with X = e* and summing over i. Since Q and Q o J = J o Q are trace-free, and Q is 
hermitian, we obtain (with summation understood) 

0 = g(Z,Qei)ei - g(Z, ef)Qei + g^efjQZ + g(JZ,Qei)Jei - g(JZ, ef)QJei = 2 mQZ. 

Thus QZ = 0, which we substitute into (19) to obtain: 

Z b 0 QX + ( QX) b ®ZpJZ b ® Q(JX ) + Q(JX) b 0 JZ = 0. 

For any Y £ span{Z, JZ} 1 - this yields (using that Q is hermitian) 

0 = g(QX, Y)Z + g(Q(JX), Y)JZ = g(X, QY)Z + g(JX, QY)JZ. 

Since Z 0, Q vanishes on span{0, JZ } 1 . But 0 vanishes on span{0, JZ}, so Q = 0. □ 

Theorem 2. Let ( M,g,J ) be a connected Kahler manifold of real dimension 2 m > 4. 
Then for any A £ Sofig, J ) with corresponding vector field A such that A is not parallel 
( equivalently, A 0) the following statements are equivalent: 

(1) there is a constant B such that [Af B (X, Y),A\ = 0 for all vector fields X, Y\ 

(2) there is a constant B and a smooth function g such that VA = BA + /aid ; 

(3) there is a constant B and a smooth function ji such that A satisfies the extended 
system (8); 

(4) there is a constant B such that A is in the B-nullity space N(B) P at every p £ M — 
equivalently Afs{X, J A ) = 0 for all X £ TM; 

(5) at every point p of a dense subset, there is a real number B = B(p) such that the 
B-nullity space N(B) P is nonzero ; 

(6) there is a constant B such that for any open subset U of M and any eigenvalue f 
of A smoothly defined on U, gmd g f is in the B-nullity of the curvature on U. 

If for given B, these conditions hold for some non-parallel A £ Sofig, J), then they hold 
for all A £ Sofig, J ) (with the same constant B). In particular, the metric g is Cc(B). 

Proof. (l)y»(2) by equation (17): if VA — BA commutes with K(X, Y) for all X, Y £ T p M, 
then it commutes with all skew-hcrmitian endomorphisms of T p M and is hence a multiple 
of the identity at p. 

(2) ^(3) by equation (18), which reduces to 

g(Af B (X, JA)Y, Z) = (V Y /i - 2 Bg(A, X))g(JY, Z) 

for all X,Y,Z: the left hand side satisfies the Bianchi identity in X,Y,Z while the right 
hand side does not (for n > 1), so they must vanish independently. 

(3) =>(4) by equation (18) again: the extended system (8) implies A f B (X, J A) = 0. 

(4) =»(5) is immediate: if A is not identically zero, it is nonzero on an open dense subset, 
because J A is a Killing vector field by Lemma 1. 

(5) =>(3). Given a nonzero Z £ N(B) p , substitute Y = Z and g — 0 in equation (17) 
to obtain [K(X, Z), VA — BA] = 0. Hence by Lemma 3 there is a scalar /i = g(p) such 
that VA — BA = g Id at p. This holds at every point of a dense subset for functions p, B 
defined on this subset. Moreover, A is not proportional to the identity at every point of 
a dense open set (this is straightforward to show using (4)—for a proof see [14, Lemma 
4]). Then on a neighbourhood U of any point in this dense open set, B and /j are smooth 
functions (being solutions of an inhomogeneous linear system of maximal rank with smooth 
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coefficients). We need to show that B is constant and r := d/i — 2 Bg(A, •) is identically 
zero on U. For this, suppose that a nonzero vector Z is in the H-nullity of the curvature 
and insert VA = fild + BA into (18) to obtain 

(20) JAf B (X, JA) + t(X)M + dB(X)A = 0, 

and hence, by applying this identity to Z, r(X)Z + dB(X)AZ = 0. If Z is not an 
eigenvector of A, we have r( X) = dB(X) = 0 for all X G TU which is what we wanted to 
show. We may thus assume AZ = £ Z for some function £, so that r = —fdB and 

A f B (X, A) = dB(JX)(A - £Id)J 

(21) = ((A - £Id)X) b ® ( dBf -dB® (A- £Id)X, 

where of denotes the metric dual of a 1-form a, and the second line follows from the Bianchi 
symmetry satisfied by g(Af B (X, A)Y, W) = g^AfsiY, W)X,A). Comparing the second and 
third lines, it follows that A —£Id has complex rank < 1. It remains to show the following. 

Lemma 4. Suppose A G Sol(g , J ) and that on an open subset U: A is not parallel with 
exactly two ( distinct ) eigenvalues, both smooth, and Z is an eigenvector of A in the B- 
nullity of g for smooth B. Then dB = 0 on U. 

Given this lemma, whose proof give below, we obtain also r = —£dH = 0 on U, and 
hence the system (8) holds in a neighbourhood of every point of an open dense subset for 
a (local) constant B and a smooth function /j. On the other hand, it was proven in [14, 
§2.5] that the constants B are the same for each such neighbourhood. Taking the trace 
of the second equation in (8), we obtain 2 mg, = trVA — B tr(A), so that the functions /j 
coincide on overlaps and patch together to a globally defined function. Hence the system 
(8) holds everywhere on M for a constant B and a smooth function /j. 

(l-5)=^(6). Since Nb{X,Y)A = 0, equation (7) implies 

i 

( 22 ) 0 = J2^ B (X,Y)grad g f i , 

i —1 

where £i,...£/ are the eigenvalues of A. It was shown in [2, Proposition 14] and [21, 
Proposition 1] that the gradient grad g is contained in the eigenspace of A corresponding 
to £j. Since [Af B (X,Y), A] = 0, Af B (X,Y) leaves the eigenspaces of A invariant. Then 
wherever AfsiX, Y) grad g f t is nonzero, it is an eigenvector of A corresponding to the 
eigenvalue £, and (22) shows that A/r(W, Y) grad g = 0. 

(6)=>(5). It was shown in [2, Proposition 14] that every nonconstant eigenvalue £ of 
A G Sol(g, J ) has nonvanishing differential on an open and dense subset. 

The final observation of the theorem follows because condition (5) is independent of 
A G Sol(g , J), and if A is V-parallel (i.e., the corresponding A is zero), then equation (17) 
and Lemma 3 imply that A is a multiple of the identity or B = 0. □ 

Proof of Lemma 4. Since A is nonparallel (i.e., A 0), it has at least one nonconstant 
eigenvalue. We consider first the case that A has one nonconstant eigenvalue £ and one 
constant eigenvalue, which we may assume to be zero. The £-eigenspace is therefore 
spanned by A, and if this is in the nullity, then (20) implies dB = 0. Thus we may assume 
AZ = 0, hence dp = 2 Bg(A, •) = B d£, so that /j and B are functions of £. For any X 
with AX = 0 we have 

fpX = -(A — £ Id)fiX = -(A - £7d)V x A = (V X A - d£(X))A = g(A, A)X 
since VA = p Id + BA, d£( X) = 0 and VA is given by (4). Hence £/j = g(A, A). 
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On the other hand, using the Gray-O’Neill formulae [2, 15] or the explicit form 

rIF 2 

g = -ago + 0^y + 0 (O^ 2 

of the metric, we obtain that 

(23) -4 BK(X, Y)Z = R(X, Y)Z = R 0 (X, Y)Z - Y)Z , 

a 

for X , Y in the zero eigenspace of A, where i? 0 denotes the curvature of g 0 (the Kahler 
quotient by JA), lifted to the zero eigenspace. Thus Rq(X,Y)Z = 4(5£ — g)K 0 (X,Y)Z, 
where K$ = —K/C, is the algebraic constant holomorphic sectional curvature tensor of go- 
Taking the trace over X (on the zero eigenspace), Ric 0 (Z ) = 2 (m — 1 )(B£ — g)Z and so 
B^ — g is independent of £, hence constant. This combines with dg = B to give dB = 0 
as required. 

Now we turn to the case when A has two nonconstant eigenvalues 6 and £2- Note 
that in this case, M is necessarily real 4-climensional. Let V\ = grad £1, V2 = grad g £2 
and suppose that V 2 is contained in the 5-nullity of the curvature R. To compute B 
and g, we apply V\ and V2 to the equation VA = g Id + BA to obtain the linear system 
mi = /1 + 6-H, m 2 = g + £ 2 B, where m 1, m 2 are the eigenvalues of VA, i.e., A = rn 1 V t 

and V v 2 A = m 2 V 2 - Hence, 


6^1 - 6^2 D m \ ~ m 2 
6-6 ’ 6 -6 ' 

To calculate mi,m 2 , we recall that A = |(Vi + V 2 ) and so VaA = \{miVi + m 2 V 2 ), or, 
dually, d(g(A,A)) = mid6 + m 2 d^ 2 . The classihcation of hamiltonian 2-forms from §1.2 
shows that, in a neighbourhood of almost every point, g takes the form 


9 = 


6 


Fi(£ 


6 d6 2 + 6 


6 


f 2 ( 6 


dai + 


m 1 ) 

6-6 


(dti + 6 dt 2 f + 


^2(6) 

6-6 


(dti + £idt 2 f 


in local coordinates 6)66162- From this, we obtain g(A,A) in terms of the functions 
Fi,F 2 . Calculating d(g(A,A)) and comparing coefficients, we obtain 


mi - m 2 (F[( 6) + Fg 6))(6 ~ 6) ~ 6^1(6) ~ ^2(6)) 

6-6 4(6 -6) 3 


Replacing X in (21) by the vector JV 2 in the nullity, we see that dB(V 2 ) = 0, i.e., B does 
not depend on the variable 6- Using (24), it is straightforward to show that the condition 
dB/ d^ 2 = 0 is equivalent to 

(25) 0 = F"(6)(6 - 6) 2 + 2 (F((6) + 2F'(6))(6 - 6) - 6(566) - F 2 ( 6)). 


Taking three derivatives of this equation w.r.t. 6 yields 5^(6) = 0, hence F\(6) is 
a polynomial of degree < 3. Inserting this condition back into (25), a straightforward 
calculation shows fq = F 2 . Inserting these polynomials into (24) shows that B is a 
constant. This also follows from [2] where it is shown that (g, J) has constant holomorphic 
sectional curvature (and hence B is constant) if F\ = F 2 is a polynomial of degree <3. □ 


Remark 7. Recall from Remark 1 that A not being parallel is necessary for (5). All other 
conditions are automatically fulfilled for parallel A, in which case we have g = B = 0. 


To relate this result to the local classihcation of metrics with hamiltonian 2-forms (see 
§1.2), observe that at each point in a dense open set, the J-linear span of the gradients of 
the eigenvalues of A is the tangent space to the orthotoric fibres of the metric g. 
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Corollary 1. A e Sol(g,J ) satisfies the extended system (8) for B e R if and only if 
A is parallel (in which case, we may assume B = 0) or the ortliotoric fibres of A are in 
the B-nullity of g. In particular, since these fibres are totally geodesic, they have constant 
holomorphic sectional curvature —4 B. 


By Definition 4, a Kahler metric is Cq(B) for a constant B if one of the conditions in 
Theorem 2 is satisfied for some non-parallel A e Sol(g, J). We next describe the conditions 
on the parameters in formula (9) under which a Kahler metric is Cc(B). 

For this, we first observe that the extended system (8) is equivalent to the special case 
r 0 = 0, T\ = —AB, r 2 = —Ap of the system [2, §2.3, Equation (30)], with the term U W >C {(/>)” 
omitted. Hence (the proof of) [2, Proposition 5] applies to show that the polynomial 

(26) F(t) = -4 (Bt + p)p A (t) - g(K, K(t)), 


has constant coefficients, where pA(t) is the characteristic polynomial of A, K = J grad g <j\ 
and K(t) = J grad g pA(t ) (thus K coincides with the Killing vector held 2 J A). To interpret 
this fact geometrically, we next observe that any triple (A, A, p) e g((T M) ®TM®Mxl, 
with A hermitian, defines a hermitian (bundle) metric on {(a, p) G Hom(TM , C) ©M x C : 
a(JX) = ia(X)}, via the expression 


(27) 


p 

t 

p 

A 


p’ 

a 


A 

A 


a’ 


:= ppp' + a(A)p' + pa'(A) + g(a o A, a'). 


When B — —1, this bundle may be identified with the (holomorphic) tangent bundle of 
the complex cone over (M,g, J ) studied in [22], which we discuss in Appendix A. For any 
Bel, the bundle carries a connection T> defined by 


(28) 


P 


V x p + a( X) 

a 


Va-c + Bg(X + i JX, -)p 


This connection induces the extended system (8) in the following sense (cf. [14, §§4.1-4.2] 
in the case B ^ 0). 


Lemma 5. For any sections (A, A, p) and (a, p) as above, we have 


dx 


P 

t 

p 

A 


~p r 

a 


A 

A 


a’ 



p A 


~p r 

A A 


a' 


P 

t 

p 

A 

a 


A 

A 


V x 



P 

t 

a 



Vj/i — 2Bg(A, X) 
X x A - pX - BAX 


V X A - pX - BAX 

VT A _ ( X t, ®A+A b ®X 
VA V +JX' a ®JA+jA‘®JX) 



The proof is a straightforward computation. Up to a normalization constant, the function 
F(t) is the (complex) determinant of the hermitian form on Hom(TM, C) ©M xC defined 
by (A — t Id, A, p + Bt), so its roots are the relative eigenvalues of the hermitian forms 
defined by (A, A, p) and (Id, 0, — B). This gives another proof that F(t) has constant 
coefficients when (A,A,p) solves (8), and further shows that the relative eigenspaces are 
D-parallel subbundles of Hom(TM, C) © M x C. 


Theorem 3. Let (g,J,uj) be a Kahler metric with a non-parallel hamiltonian 2-form, 
given explicitly by (9) on a dense open set. Then g is Cc(B) if mid only if Qfit ) = 0(f), a 
polynomial of degree < f'+l (independent of j) with leading coefficient —AB, and Q(rj) = 0 
for all constant eigenvalues rj. 


Proof. If g is CafiB) then the (totally geodesic) ortliotoric fibres have constant holomorphic 
sectional curvature (CHSC). The hamiltonian 2-form restricts to a hamiltonian 2-form on 
each fibre whose characteristic polynomial is PA(t)/p c (t )• Applying [2, Proposition 18] 
hbrewise, we thus have Qj(t) = 0(f) := F(t)/p c (t ) for all j (where we recall that pfit ) 
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is the monic polynomial whose roots are the constant eigenvalues r] of A). It remains to 
show that any root q of p c (t) is a root of 0(f), i.e., the multiplicity of rj as a root of F(t) 
is greater than its multiplicity as a root of p c (t). The latter is the dimension of the kernel 
of A — q Id in Hom(TM, C) which is a subspace U of the relative /7-eigenspace, i.e., the 
kernel of the hermitian form defined by ( A — q Id, A, /i + Bq ). However by (28), U cannot 
be D-parallel, so the dimension of the relative //-eigenspace is strictly larger, hence so is 
the multiplicity of q as a root of F(t). 

Conversely, if Qj(t) = 0(f) as stated, then the orthotoric fibres belong to the R-nullity 
of g. To see this, observe that the Gray-O’Neill curvature formulae [15, 26] (with Gray- 
O’Neill tensor (12)) imply that all components of the curvature of g, apart from the purely 
horizontal part, depend on the base metrics g v in (9) only to first order at each point. 
Hence, to compute R(X, Y)Z for Z vertical, we may use a metric g which agrees with g at 
a given point, but where we replace the base metrics g v with metrics g v which have CHSC 
equal to Q'(q) a t that point. By [2, Proposition 17], g has CHSC given by a multiple of 
B , hence the fibres are in the H-nullity. Consequently the same holds for g. □ 

Corollary 2. Let (g, J ) be a Cc(B) Kcihler metric ( e.gwith D(g, J) > 3) which is weakly 
Bochner-flat (or is Bochner-flat). Then g is Kabler-Einstein (or has constant holomorphic 
sectional curvature, respectively). 

Recall from [2] that a Kahler metric (g, J) of dimension 2 m is orthotoric if it admits 
a hamiltonian 2-form having m nonconstant eigenvalues £1 ,... £ m (these metrics are also 
“Kahler-Liouville” —see [17]). 

Corollary 3. Let (g,J) be a Cc(B) Kahler metric (e.g., with D(g,J) > 3) which is 
orthotoric. Then g has constant holomorphic sectional curvature. 

Remark 8. An analog of the corollary in real projective geometry, which is also true under 
more general assumptions, can be found in [7]. 

Theorem 3 has the following global consequence. 

Theorem 4. Let M be a closed connected 2m-orbifold (2m > 4) and suppose (g, J ) is 
a C<c(B ) Kahler metric on M. Then (M,g,J) is an orbifold quotient of CP m with a 
Fubini-Study metric. 

Proof. By assumption, M admits a hamiltonian 2-form of order I > 1. The theory of [3, 
Section 2], which extends to orbifolds following [19], shows that the universal orbifold cover 
of M has a blow-up M which is a bundle of (connected) toric orbifolds over an orbifold S 
which is a complete Kahler product over the constant eigenvalues q of A. Since blow-up 
does not change the orbifold fundamental group, M is a simply connected orbifold, hence 
so is S (since the fibres of M —> S are connected). Now, since every constant eigenvalue 
q is a root of the function 0 of Theorem 3, it follows from [3, Proposition 6] (or rather, 
its proof, extended straightforwardly to orbifolds) that S is a Kahler product of complex 
projective spaces where the Kahler metric on the factor corresponding to a root q has 
CHSC —©'(77) (see [3, Theorem 5(iv-v)]). As discussed in §1.2(1), these are precisely 
the conditions (given that 0 is a polynomial of degree < I + 1 vanishing on the constant 
eigenvalues q) which ensure that the metric on M has CHSC [2], (This is not a coincidence: 
the Fubini-Study metric on C P m admits hamiltonian 2-forms of any order 0 < I < m .) 
Since K = J A is a nonparallel Killing vector held on M (it is hamiltonian, hence has 
zeros), the curvature of g must be positive by Bochner’s argument. Hence the universal 
cover of M is isometric to C P m with a Fubini-Study (positive CHSC) metric. □ 
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Corollary 4. Let ( M , g , J) le a closed connected Kdhler orbifold of dimension 2m > 4 and 
mobility D(g , J ) > 3. Then either M is an orbifold quotient of CP m with a Fubini-Study 
metric, or every Kdhler metric c-projectively equivalent to g is affinely equivalent to g. 

Remark 9. This corollary is immediate from Theorem 4 and Theorem 1 (i.e., [14, Section 
2]): in the manifold case, it is the main result of [14], where it was established for metrics 
of arbitrary signature. Indeed, on manifolds, the analogue of Theorem 4 for metrics of ar¬ 
bitrary signature was obtained in [14, Remark 12]. Furthermore, the proof in [14] proceeds 
by first reducing to the case that —Bg is positive definite, and this part of the argument 
extends straightforwardly to orbifolds. Hence Theorem 4 is actually valid in all signatures. 

On the other hand, in the remaining case, where (without loss of generality) B — — 1 
and g is positive definite, [14, Lemma 8 ] shows that the extended system ( 8 ) yields a 
nontrivial solution of the kahlerian Tanno equation , and so the manifold case of Theorem 4 
follows from [28, Theorem 10.1]. In fact, as shown in [13, §3, see (4)], the Tanno equation 
is equivalent to the extended system in this case, and so Theorem 4 may be regarded as 
providing a natural generalization of [28, Theorem 10.1] to orbifolds of arbitrary signature. 
Note that our method of proof for Theorem 4 is very different from [28]. 

The corollary is a rigidity result for closed connected Kahler orbifolds ( M,g , J ) which 
are not quotients of CP m , but admit a c-projectively equivalent metric which is not affine 
equivalent (i.e., a hamiltonian 2-form of order t > 0). This has several consequences. 
First, as observed in [14], the isometry group of g has codimension < 1 in the group of 
c-projective transformations of M: this is because the latter group acts on the projec- 
tivization of Sol(M,g), with the isometry group of g as a point stabilizer. Secondly, since 
the hamiltonian 2-form is essentially unique (i.e., A G Sol(M,g ) is unique up to a linear 
combination with the identity solution), the f-torus action it defines must be central. 

3. Classification of metrics with c-projective mobility > 3 
Let us recall the following result: 

Theorem 5 ([3, 14]). Let ( M,g,J ) be a connected Kdhler manifold of real dimension A. 
Then D(g, J) > 3 if and only if the holomorphic sectional curvature is constant. 

Remark 10. In [3, Proposition 10] and [14, Lemma 7], it was shown that a Kahler manifold 
of real dimension 4 and of mobility > 3 has constant holomorphic sectional curvature. The 
fact that every CHSC Kahler manifold of any dimension 2m has mobility (m + l ) 2 > 3 is 
a standard result, see for example [2, 25]. 

By Theorem 1, the condition D(g,J) > 3 implies either that all A G Sol(M,g) are 
parallel, or that the metric is Gc(-B), i.e., the equivalent conditions of Theorem 2 hold. 
Conversely, we now find the metrics satisfying D(g, J) > 3 among those that are Cq(B). 

Theorem 6. Let ( M , g, J) be a connected Kdhler manifold of real dimension 2m > 4 which 
is Cc(B). Suppose in addition that there exists A G Sol(g, J ) such that 

• either the number of nonconstant eigenvalues of A is > 2 

• or the number of constant eigenvalues of A is > 3. 

Then D(g, J) > 3. 

Proof. Let us choose A G Sol(g, J ) satisfying one of the two conditions on the eigenvalues. 

First suppose that the corresponding vector field A is identically zero. Then A is covari- 
antly constant and all eigenvalues of A are constant (see Remark 1). The endomorphism 
A = A 2 is covariantly constant and hence contained in Sol(g, J). It follows that A, A and 
Id are linearly independent and therefore D(g, J) > 3, since otherwise, A would be annihi¬ 
lated by a polynomial with constant coefficients of order two or lower and this contradicts 
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the assumption that the number of constant eigenvalues is at least three. We have proven 
Theorem 6 under the assumption A = 0. 

Let us now suppose that A is not identically zero. 

First case: B = 0. A straightforward computation (using the equations in (8)) shows 

A = A b <2) A + JA b <2) JA 

is contained in Sol(g, J), where the corresponding vector held is A = /iA and g is a constant. 

Clearly, A is not proportional to Id (since it is multiplication with g(A, A) on span{A, JA} 
and multiplication with 0 on span{A, JA}- 1 ). If D(g, J ) = 2, we have A = aA + f3Id for 
certain constants a and /3 but this contradicts the assumptions on the eigenvalues of A. 
Theorem 6 is proven in the case B = 0. 

Second case: fl / 0. Let us multiply the metric with —B, such that the system (8) for 
the new metric (which we again denote by the symbol g) holds with B = —1. Note that 
the mobility remains unchanged by this procedure. A straightforward computation (one 
may also compare [25, p. 1338], [14, equation (88) in the proof of Lemma 10] or the cone 
construction [22, Theorem 9]—see the appendix below) using the equations in (8) shows 

A = A 2 + A b © A + JAl ® JA 

is contained in Sol(g, J ) with corresponding vector held A = (A + gId)A. Assuming 
D(g, J ) = 2, we obtain (up to rescaling) A = A + ald for a certain constant a. Taking the 
covariant derivative of this equation shows A = (A + /aid)A. Hence, A is an eigenvector of 
A corresponding to the nonconstant eigenvalue 1 — /i. Equation (7) (together with the fact 
that for each nonconstant eigenvalue £* of A, grad g £; is contained in the corresponding 
eigenspace) implies that A has exactly one nonconstant eigenvalue. Restricting A = A + 
aid to the orthogonal complement U := span{A, JA} 1 - shows that the restriction A\u is 
annihilated by a quadratic polynomial. Then the number of nonconstant eigenvalues is at 
most two. We obtain a contradiction to any of the two conditions on the eigenvalues of A. 
Hence, D(g, J) > 3 and Theorem 6 is proven. □ 

Appendix A. Cone construction for C<c(—1) metrics 

A.l. The cone construction. If g is a Cc(— 1) Kahler metric then the space Sol(g, J) is 
isomorphic to the space of solutions (A, A, g) of the PDE system 

Va-A = X b © A + A b © X + JX b © JA + JA b © JX, 

(29) VA = gld - A, 

V/j = — 2A b . 

The cone construction [22, Theorem 9] (see also the formulae in [25, pp. 1338-1339] for 
the same statement, though the formula for A appearing there seems to have a misprint) 
asserts that the space of solutions (A, A, g) of this system is isomorphic to the space of 
parallel hermitian endomorphisms A G End(TM) on the cone 

(30) M = M> 0 xlxM, g = dr 2 + r 2 Ui 2 + g), J = -d t ® dr — rd r ® 0 + J, 

r 

where (j) = dt — t and r is a 1-form on M satisfying dr = 2u (u> = g(J •, •) denotes the 
Kahler form on M). The construction is local but this is sufficient for our purposes. The 
correspondence between solutions (A, A, //) of (29) and parallel hermitian endomorphisms 
A G End (TM) is given by 

(31) (?(A-, •) = gdr 2 — rdr © A b + r 2 (/i0 2 + 4> © A b ( J-) + g(A-, ■)). 
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Further, we view the manifold N = R x M with metric h = (f> 2 + g as naturally embedded 
into M as the hypersurface N = {r = 1}. The manifold (. M,g,J) is recovered from 
(M,g,J) as the Kahler quotient w.r.t. the action of the hamiltonian Killing vector field 
K := | J gradfj r 2 on the level set N, where the function |r 2 serves as the moment map for 
the (local) hamiltonian .S 1 -action induced by K. 

A.2. The Kahler quotient in the presence of a decomposition of the cone into 
a direct product. By the decomposition theorem for riemannian manifolds [12], the 
parallel hermitian endomorphisms on a manifold are classified by all the ways the manifold 
can be decomposed into a direct product of Kahler manifolds. Let (M, fa J) be the cone 
over a Kahler manifold (M, g, J ) given by (30). Suppose g decomposes into a direct product 

(32) M = Y[ Mi , $ = £>, J = 

iii 

of Kahler manifolds (Mi, fa, Jj). Recall that the cone structure on ( M,g , J ) gives rise to 
the cone vector held C = rd r satisfying VC = Id. Conversely, a vector held satisfying this 
equation induces a cone structure by defining the radial coordinate to be 

r := y/g(C,C). 

The decomposition C = JA =0 C t of the cone vector held w.r.t. (32) dehnes cone vector helds 
C, on each component (. Mi, fa, fa ) making them into cones over certain Kahler manifolds 
( Mi,gi , Jj). Hence, having a decomposition as in (32), we may write 

(33) g = (dr 2 + r 2 (0- + gi) . 

j=o v v ^ 

=9i 

Here we allow some of the gfs to be zero, meaning that the corresponding cone (Mi, fa, Jj) 
is (complex) 1-dimensional over a base of dimension 0. In particular fa is hat. 

As a Kahler riemannian cone, g is of the form (30). Using C = an( l C, = rid n , 

we see that 

r, K — - J gradz r 2 , d r , dr and 0 
2 y 

relate to the corresponding objects on the components fa of g in (33) by the equations 

(34) r 2 = ^2 r 2 , I< = K,, d r = - ^ dr =- r^i and 0 =— ^ 

iii i i 

Next we describe the Kahler quotient of the direct product metric g in (33) w.r.t. the 
action of the hamiltonian Killing vector held K =\Jgrader 2 on the level set r — 1. 

Theorem 7. The Kahler quotient metric g of the metric g is given by the formula 

(35) h = Y. dr i + ~ 2 Y1 r < - ^) 2 + I] r riK 

i=0 i,j‘=0 i=0 

Remark 11. The forms 0j — 0^ are basic, i.e., they can be written as the pullback of forms 
defined on the quotient. Indeed, these forms vanish upon insertion of d r and K, they do 
not depend on r and they are /L-invariant (that is, invariant w.r.t. the (local) 5' 1 -action). 

Remark 12. Recall that the metrics g, in (35) are zero if fa = dr 2 + r 2 ((f> 2 + gf) is (complex) 
1-dimensional. 
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Proof of Theorem 7. Restricted to the level set r — 1, the quotient metric g is given by 
(36) g = g - 4> 2 = ^ dr 2 + r 2 0 2 - 0 2 + rfo. 


i=0 


*=0 


i =0 


Using (34), we obtain 


E 

2—0 


2 / 2 j2 

U - 0 = 


- 1] 'f'-JU' ® = 9 X) r U'?(° 


* yjj 


i=0 


i,j =0 


i,j=0 


which gives us formula (35). 


□ 


In what follows, let A be a parallel hermitian endomorphism for g with distinct eigen¬ 
values Co < • • • < Cg of multiplicities Let (33) be the decomposition of g 

w.r.t. the parallel eigenspace distributions of A. If we consider A as a parallel symmetric 
(0, 2)-tensor held (by lowering one index w.r.t. the metric g), it is given by the formula 


l 

(37) A = Cj(drj + l 2 (0 2 + hi)). 

1=0 

Let us relate the (constant) eigenvalues Co,... Cg of A to the (generically nonconstant) 
eigenvalues £i,... & of A e Sol(g , J) corresponding to A. 

Lemma 6. Let A be given by (37) for numbers C 0 < • • • < Ce and let the cone metric 
g over g be given by (33). Let A e Sol(g,J ) correspond to A via the isomorphism (31). 
Then the function pa■ M xIaI, given by 

( 38 ) PA (t) = i no - cir*-* E- ca 

i=0 i=0 

is the characteristic polynomial of A. Moreover, we have 

(39) Co < 6 < Ci < • • • < & < C t . 

where C are the ordered nonconstant eigenvalues of A. In particular, I is the number of 
nonconstant eigenvalues of A e Sol(g , J) on the base M and the eigenvalues of A occurring 
with multiplicity two or higher are the constant eigenvalues of A. 

Remark 13. The calculations in the proof of Lemma 6 below are analogous to the derivation 
of elliptic separation coordinates on the n-sphere, see [23, Section 7]. 

Proof. Recall that A is the horizontal part of A. Its action on the horizontal distribution 

n = {X £ TM : g(X, d r ) = g(X, Jd r ) = 0} 

is then given by 

AX = AX- g(Ax, d r )d r - g(Ax, Jd r )Jd r . 

In particular, if £ is an eigenvalue of A, i.e., AX = fX for some nonzero X £ PL, we have 
(A — £Icf)J X = (AX, d r )d r , where (•, ■) — g — ig(J-, •) denotes the hermitian inner product 
associated to g. Thus, £ is an eigenvalue of A if and only if there exists X A 0 such that 

(A", d r ) = 0 and (A — £Jd)A" = cd r for some c £ C. 
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If £ is not an eigenvalue of A, this condition is equivalent to ((A — fid) 1 d r ,d r ) = 0. 
Inserting A given by (37) and d r = JA =0 — d n , this equation becomes equal to 

(40) ££r°- 

We obtain that each eigenvalue £ of A which is not an eigenvalue of A must be a solution 
to this equation. For fixed ro,...ry, the function h(£) = JA =0 cWg ^ ias ^ + 1 poles at 
Co,... C? and is monotonously increasing within the intervals (C£, C) + 1). Hence, it has t 
zeros £i,... £^ which are the t nonconstant eigenvalues of A depending on r 0 ,... ry. We 
have just seen that these eigenvalues have to satisfy the relation (39). 

On the other hand, if an eigenvalue C t of A has multiplicity m, > 2, the corresponding 
eigenspace must have an m — 1 dimensional intersection with TL, hence, C t is also a constant 
eigenvalue of A of multiplicity m* — 1. The number of eigenvalues of A found so far is 

t l 

t + 'y^{rn l — 1) = —1 + rn l = —1 + dim M = dim M. 

2—0 2—0 

Thus, we certainly found all eigenvalues of A. 

Multiplying (40) with Y\l=o^~' i ~0i we obtain rf — £) =0. The left hand 

side is a polynomial in £ of degree I and since the nonconstant eigenvalues £ 1; ... £^ are the 
roots of this polynomial, we obtain 

Pn c(t) = 

i =0 j+i 

where p nc (t) = nl=i(^ — 6) is the nonconstant part of the characteristic polynomial of A. 
The characteristic polynomial of A is then given by formula (38). □ 


Denote by £i, •. .£f the nonconstant eigenvalues of A and by rj its constant eigenvalues 
of multiplicity m v . The characteristic polynomial p^(t), expressed in terms of the radial 
coordinates ry, is given by (38); hence, we obtain the relation 

£ £ 

(4i) ID-&) “^L’IID-ea 

i=1 1=0 J^I 


between the two sets of functions {£i,... £^} and {ro,,.. ry}. Inserting t 
(41), we obtain the functions ry explicitly as functions of the £p 


(42) 

Differentiating yields 


r 2 nti(D - io 

' Y[ w (c,-Cj)- 


Ci into formula 


(43) 


2 rjdrj 


h n J¥ j{Ci - cj) 


A.3. A local description of Cc(— l)-metrics. We rederive the part of Theorem 3 stating 
necessary conditions on the parameters from formula (9) for g being Cc(—1). 


Proposition 2. Consider a Gc(— 1) metric g given by formida (9) w.r.t. some A e 
Sol(g,J ) with nonconstant eigenvalues £i,...£^. Let Co < ■■■ < Ci be the distinct 
eigenvalues of the corresponding parallel hermitian endomorphism A on the cone. Then 

9j(f) = -4 n;=o(* - c i) f° r 3 = !, • • • ^ 
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Proof. The part of the metric g in (9) involving the dffs corresponds to the part X^/=o drf 
of g in (35). Using (42) and (43), we obtain 


(44) 


Adrj = 


A df;. 2 

n j*i{ c i- c j) nli (Ci-ti) 


Let 4 Y^i=o drf ='■ A^d^ ® dfi 2 . For i\ i 2 , (44) implies that 




- n j^ci - cj 


The numerator of each term in this sum is a polynomial of degree £ — 2 in Cj, hence, 
applying a Vandermonde identity (see, for instance, the appendix of [2]) in the £ + 1 
variables Co, ■ ■ ■ Cn, we see that A ili2 = 0 for i\ i 2 . For the case i = i\ — i 2 , we obtain 


(45) 


; _ II ' ’ - 


0) 


- n jvicj-cjm-k 


The numerator of each term in this sum is a polynomial of degree £ — 1 in C/. Applying 
Vandermonde identities with respect to the £ + 2 variables Co, ■ ■ ■ Cy £*, we obtain that 


An — 


1 0 / 
n;=o(6 _ c i 


Thus we have 


dr * 2 


E 


n£ j) d t 2 

4nL 0 


Comparing this with (9), we see that @,:(t) = —4 — CV) as we claimed. 


□ 


A.4. Cc(— l)-metrics with mobility > 3. The cone construction provides a more geo¬ 
metric explanation why the conditions on the eigenvalues in Theorem 6 imply that the 
mobility is > 3: since for a Cc(— 1) metric g the space Sol(g, J ) is isomorphic to the space 
of parallel hermitian endomorphisms on the cone (M, g, J), the decomposition theorem for 
riemannian manifolds [12] implies that the mobility D(g, J) = dim Sol(g, J) is given by 

(46) D(g,J) = f + i, 

where / is the complex dimension of the flat part and i is the number of irreducible (nonflat) 
components of g (see also [ 22 ]). Let C 0 < • • • < C n denote the (not necessarily distinct) 
eigenvalues of a parallel hermitian endomorphism A on M and let A be the corresponding 
element of Sol(g, J). Lemma 6 shows that each repeated eigenvalue C(_i = C, of A gives 
rise to a constant eigenvalue of A, while each gap Cj -1 < Cj gives rise to a nonconstant 
eigenvalue of A taking values in the interval [Cj_i, Cf\. This explains the assumptions in 
Theorem 6 : if the number of nonconstant eigenvalues of A is > 2 or the number of constant 
eigenvalues of A is > 3, the number of distinct eigenvalues of A must be > 3. Now, given 
a parallel hermitian endomorphism A on the cone with at least three distinct eigenvalues, 
the decomposition theorem, together with formula (46) show that the mobility is > 3. 
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